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» en.wikipedia.org/wiki/
Estimation of covariance matrices

 Warning: wiki article uses

S=> " yy' ()

A 1 L-1
But | use: K, = ZEZ=Oy(l)yH(l)

« So our “B” definition differs
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g Complex Gaussian Data g
y ~CNOK))

* Likelihood density: p(y) =

1 C -1 ; 1 ]
expl|— DK y(/

K Y Ey (DK,'y( >_

* Loglikelihood: A
—LIndetK - Ltr[KyK;l]
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BN Spectral Theorem  |um
O -1
—LlndetKy — Ltr[KyKy ]

» Since Ky is Hermitian

symmetric, we can decompose
M -

]

-’ >1/24-1/2 >1/2 H

K, =K;’K|> K=Y 4vyv
i=0

1/ 2971/ 2q7 -1
~LndetK, - Ltr|K}’K} K’ |
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BE  AsSubstitution g
1/ 2y -1g-1/2
~LindetK - Lt K}"K['K}?|
. Let B= KK, K"
K;l K I/ZBK—I/Z
1/2 -1 1/2
K, -K!"BK!
~LIndet[K|“B"'K “]- Ltr|B]
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g Diagonalization  pm
_Lindet[K"*B"'K"?] - Lu[B]
;Llndet[B]—Ltr[ ]
» We can diagonalize: B = Eﬁ

Lln Hﬁz B Lzﬁi
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mm Proof of What We’ve Always Assumed g

M -1 M -1
LElnﬁi - Lzﬁi
i=0 i=0

 Take derivatives:
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* As usual, notation in paper differs from
that in slides; be careful
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mm  Statistics on Empirical Covariances

~CN(OK,)
E yy' ()

[=]1—

» The statistic S is complex Wishart
distributed with L degrees of freedom

S~W(LK,)
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Additive Property of Wishart RMs

S, NW(LA’Ky)
SB NW(LBaKy)
Sp +S; ~W(L, + L, K))
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Compex Wishart Density (1)

p(S) = %(det Sy~ exp[—tr(K;S)]

7 = nM<M'”/2ﬁr(L - m)[det(Ky)]L
m=0(
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Complex Wishart Density (2)

% 1 - \L-M -~y
pK,) = E(detKy) exp[-Ltr(K K, )]

L

1

M -1
7 — n,M(M—l)/an(L —m) L_M
m=( -

det(K )-

M -1
= M-V 21_[1“(L — m)[det(Ky )]L L™
m=0
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Moments of Wishart Random Matrices

EIK,]1=K,
E[(K,),(K,),]=(XK,),K,),
1
+ Z(Ky)kj (Ky)iz

A 1
V&I‘[(Ky)ii] = Z(Ky)lzl
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Visualizing the Moments

E[(K,);(K,)y]=(K,)(K,),e
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